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Abstract
Formulae are derived for the spectra of scalar curvature perturbations
and gravitational waves produced during inflation, special cases of which
include power law inflation, natural inflation in the small angle approxima-
tion and inflation in the slow roll approximation.
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1 Introduction
The magnification of vacuum fluctuations in the inflaton field into large-scale
curvature perturbations during inflation [1, 2] is the most promising method for
producing the seed inhomogeneities necessary for galaxy formation, and the spec-
trum of these inhomogeneities, as well as the spectrum of gravitational waves
produced during inflation, are about the only observational tests of the proper-
ties of the inflaton. It is thus important to calculate these spectra accurately. In
this paper we derive formulae for these spectra, special cases of which give the
exact results for power law inflation [3, 4, 5], the exact results within the small-
angle approximation for natural inflation [6], and the results to second order in
the slow roll approximation for inflation in general. Only the power law results
have been given previously [3, 5]. The standard results to first order in the slow
roll approximation are
P
1
2
R(k) =
(
H2
2πφ˙
)∣∣∣∣∣
aH=k
(1)
for the curvature perturbation spectrum [7, 1, 2] and
P
1
2
ψ (k) =
(
H
2π
)∣∣∣∣
aH=k
(2)
for the gravitational wave spectrum [8, 2].
2 Notation
Our units are such that c = h¯ = 8πG = 1. H is the Hubble parameter, φ is
the inflaton field and a dot denotes the derivative with respect to time t. The
background metric is
ds2 = dt2 − a2(t)dx2 = a2(η)[ dη2 − dx2] (3)
Scalar linear perturbations to this metric can be expressed most generally as [9]
ds2 = a2(η)
{
(1 + 2A) dη2 − 2∂iB dxi dη − [(1 + 2R)δij + 2∂i∂jHT ] dxi dxj
}
(4)
R is the intrinsic curvature perturbation of comoving hypersurfaces, and, during
inflation, is given by
R = R− H
φ˙
δφ (5)
where δφ is the perturbation in the inflaton field. On each scale R is constant
well outside the horizon. Its spectrum is defined by
R =
∫
d3k
(2π)
3
2
Rk(η)eik.x (6)
2
〈RkR∗l 〉 =
2π2
k3
PR δ
3(k− l) (7)
Tensor linear perturbations to (3) can be expressed most generally as [9]
ds2 = a2(η)
[
dη2 − (δij + 2hij) dxi dxj
]
(8)
The spectrum of gravitational waves is defined by
hij =
∫ d3k
(2π)
3
2
2∑
λ=1
ψk,λ(η)eij(k, λ)e
ik.x (9)
〈
ψk,λψ
∗
l,λ
〉
=
2π2
k3
Pψ δ
3(k− l) (10)
where eij(k, λ) is a polarization tensor satisfying
eij = eji , eii = 0 , kieij = 0 (11)
eij(k, λ)e
∗
ij(k, µ) = δλµ (12)
It is also useful to choose
eij(−k, λ) = e∗ij(k, λ) (13)
3 The Calculation
The effective action during inflation is assumed to be
S = −1
2
∫
R
√−g d4x+
∫ [
1
2
(∂φ)2 − V (φ)
]√−g d4x (14)
The action for scalar linear perturbations is then [10, 11]
S =
1
2
∫ [
(u′)2 − (∂iu)2 + z
′′
z
u2
]
dη d3x (15)
where z = aφ˙
H
and a prime denotes the derivative with respect to conformal time
η. u is a times the inflaton field perturbation on spatially flat hypersurfaces and,
from (5), during inflation
u = −zR (16)
Quantizing
uˆ(η,x) =
∫
d3k
(2π)
3
2
{
uk(η)aˆke
ik.x + u∗k(η)aˆ
†
k
e−ik.x
}
(17)
[
aˆk, aˆ
†
l
]
= δ3(k− l) , aˆk|0 >= 0 , etc. (18)
3
The equation of motion for uk is
u′′k +
(
k2 − z
′′
z
)
uk = 0 (19)
and
uk → 1√2ke−ikη as aH/k → 0 (20)
corresponding to flat spacetime field theory well inside the horizon. Also the
growing mode for aH/k ≫ 1 is
uk ∝ z (21)
Now
z′′
z
= 2a2H2
(
1 + 3
2
δ + ǫ+ 1
2
δ2 + 1
2
ǫδ + 1
2
1
H
ǫ˙+ 1
2
1
H
δ˙
)
(22)
where
ǫ ≡ −H˙
H2
, δ ≡ φ¨
Hφ˙
(23)
and
η =
∫
dt
a
=
∫
da
a2H
=
−1
aH
+
∫
ǫ da
a2H
(24)
Thus if ǫ and δ are constant, which we shall assume here, then (19) can be solved
easily:
η =
−1
aH
(
1
1− ǫ
)
(N.B. ǫ < 1 ⇔ inflation) (25)
z′′
z
=
1
η2
(
ν2 − 1
4
)
where ν =
1 + δ + ǫ
1− ǫ +
1
2
(26)
uk =
1
2
√
πei(ν+
1
2
)pi
2 (−η) 12H(1)ν (−kη) (27)
→ ei(ν− 12 )pi2 2ν− 32 Γ(ν)
Γ(3
2
)
1√
2k
(−kη) 12−ν as aH/k →∞ (28)
Now from (6), (16) and (17)
< 0|RˆkRˆ†l |0 >=
1
z2
|uk|2 δ3(k− l) (29)
Therefore from (7) and (28)
P
1
2
R(k) =
√
k3
2π2
∣∣∣∣ukz
∣∣∣∣ (30)
= 2ν−
3
2
Γ(ν)
Γ(3
2
)
(1− ǫ)ν− 12 H
2
2π
∣∣∣φ˙∣∣∣
∣∣∣∣∣∣
aH=k
(31)
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The calculation for the gravitational wave spectrum is very similar. The action
for tensor linear perturbations is [11]
S = 1
2
∫
a2
[(
h′ij
)2 − (∂lhij)2
]
dη d3x (32)
=
1
2
∫
d3k
2∑
λ=1
∫ [∣∣∣v′k,λ∣∣∣2 −
(
k2 − a
′′
a
) ∣∣∣vk,λ∣∣∣2
]
dη (33)
where
vk,λ = aψk,λ (34)
N.B. vk,λ = v
∗
−k,λ from (9) and (13). Quantizing
vˆk,λ(η) = vk(η)aˆk,λ + v
∗
k(η)aˆ
†
−k,λ (35)
[
aˆk,λ, aˆ
†
l,σ
]
= δλσ δ
3(k− l) , aˆk,λ|0 >= 0 , etc. (36)
The equation of motion for vk is
v′′k +
(
k2 − a
′′
a
)
vk = 0 (37)
and
vk → 1√2ke−ikη as aH/k → 0 (38)
vk ∝ a for aH/k ≫ 1 (39)
As before assuming ǫ is constant
a′′
a
= 2a2H2(1− 1
2
ǫ) (40)
=
1
η2
(
µ2 − 1
4
)
where µ =
1
1− ǫ +
1
2
(41)
Now
< 0|ψˆk,λψˆ†l,σ|0 >=
1
a2
|vk|2 δλσ δ3(k− l) (42)
Therefore
P
1
2
ψ (k) = 2
µ− 3
2
Γ(µ)
Γ(3
2
)
(1− ǫ)µ− 12 H
2π
∣∣∣∣
aH=k
(43)
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4 Special Cases
4.1 Power law inflation
In power law inflation
a ∝ tp (44)
Therefore from (23)
ǫ = −δ = 1
p
= constant (45)
Therefore from (26) and (41)
ν = µ =
3
2
+
1
p− 1 (46)
Therefore from (31) and (43)
P
1
2
R(k) =

2 1p−1 Γ
(
3
2
+ 1
p−1
)
Γ(3
2
)
(1− 1
p
)
p
p−1

√p
2
H1
2π
(
k1
k
) 1
p−1
(47)
where H1 = H|aH=k1, in agreement with [5], and
P
1
2
ψ (k) =
√
2
p
P
1
2
R(k) (48)
in agreement with [3].
4.2 Natural inflation
In natural inflation [6] the inflaton potential is
V (φ) = Λ4
[
1 + cos
(
φ
f
)]
(49)
In the small-angle approximation, ie. φ
f
≪ 1, we have
H ≃
√
2
3
Λ2 (50)
dV
dφ
≃ −Λ
4
f 2
φ (51)
Therefore
φ ∝ exp
[
3
2
(√
1 +
2
3f 2
− 1
)
Ht
]
(52)
ǫ ≃ 0 and δ ≃ 3
2
(√
1 +
2
3f 2
− 1
)
(53)
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P
1
2
R(k) ≃

2δΓ
(
3
2
+ δ
)
Γ(3
2
)

 Λ2√
6πφ1δ
(
k1
k
)δ
(54)
P
1
2
ψ (k) ≃
Λ2√
6π
(55)
giving a spectral index for the scalar curvature perturbation
nR ≃ 1− 2δ (56)
For nR = 0.7 [12], the approximate spectral index nR ≃ 1 − 1/f 2 given in [6]
gives a 2% error in f , which, when combined with using (1) instead of (54), leads
to a 60% error in the predicted value of the Hubble constant during inflation.
This large error is mainly due to the sensitive dependence of φ1 on δ, φ1 ∼ e−60δ.
However, for observational errors not to dominate, the spectral index would have
to be measured to an accuracy of nR = 0.7 ± 0.02. Note that for nR = 0.7,
φ1 ∼ 10−4 and so the small angle approximation is much better than the slow roll
approximation.
4.3 Inflation in general
To obtain the standard results to first order in the slow roll approximation, (1)
and (2), ǫ = −d lnH
d lna
and δ = d ln φ˙
d ln a
are neglected. Here we retain ǫ and δ but
assume that they are small and neglect terms quadratic in ǫ, δ and
···
φ
Hφ¨
= d ln φ¨
d ln a
.
Now
1
H
ǫ˙ = 2ǫ(ǫ+ δ) (57)
1
H
δ˙ = δ


···
φ
Hφ¨
− δ + ǫ

 (58)
Therefore ǫ and δ are approximately constant for small ǫ, δ and
···
φ
Hφ¨
, and so we can
use the results of Section 3. Note that ǫ and δ only have to be treated as constant
while the mode k is leaving the horizon so that (27) can interpolate between (20)
and (21), in the same way that H is treated adiabatically in the standard first
order calculation. Therefore from (26)
ν ≃ 3
2
+ 2ǫ+ δ (59)
and from (31) to lowest order in ǫ and δ
P
1
2
R(k) ≃ [1 + (2− ln 2− b) (2ǫ+ δ)− ǫ]
H2
2π
∣∣∣φ˙∣∣∣
∣∣∣∣∣∣
aH=k
(60)
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where b is the Euler-Mascheroni constant and so 2− ln 2− b ≃ 0.7296. Similarly
P
1
2
ψ (k) ≃ [1− (ln 2 + b− 1) ǫ]
H
2π
∣∣∣∣
aH=k
(61)
where ln 2 + b− 1 ≃ 0.2704. Treating (60) and (61) as adiabatic in ǫ and δ then
gives the spectral indices
nR(k) = 1 +
d lnPR
d ln k
(62)
≃ 1− 4ǫ− 2δ − 2(1 + c)ǫ2 + 1
2
(3− 5c)ǫδ
−1
2
(3− c)δ2 + 1
2
(3− c)
···
φ
Hφ¨
δ (63)
where c ≡ 4(ln 2 + b)− 5 ≃ 0.08145, and
nψ(k) = 1 +
d lnPψ
d ln k
(64)
≃ 1− 2ǫ− (3 + c)ǫ2 − (1 + c)ǫδ (65)
If it is now also assumed that
····
φ
H
···
φ
is small then
ǫ ≃ 1
2
α− 1
3
α2 +
1
3
αβ (66)
δ ≃ 1
2
α− β − 2
3
α2 +
4
3
αβ − 1
3
β2 − 1
3
αγ (67)
···
φ
Hφ¨
δ ≃ α2 − 5
2
αβ + β2 + αγ (68)
where
α ≡
(
V ′
V
)2
, β ≡ V
′′
V
and γ ≡ V
′′′
V ′
(69)
and so
nR(k) ≃ 1− 3α + 2β + (113 − 32c)α2
−(7− 2c)αβ + 2
3
β2 + 1
2
(13
3
− c)αγ (70)
and
nψ(k) ≃ 1− α− (13 + 12c)α2 − 12(13 − c)αβ (71)
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5 Conclusions
We have derived corrections to the standard slow roll results for the spectra of
scalar curvature perturbations and gravitational waves produced during inflation.
These quantify the errors in the standard results. In general they are small but,
for example, for natural inflation with a spectral index nR = 0.7 [12] the results
of [6] would predict a value of the Hubble constant during inflation 60% too high.
However, this error would only become significant compared to the observational
errors if the spectral index were measured to an accuracy of nR = 0.7± 0.02.
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